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Anomalous Hall effect (AHE) is generally observed in ferromagnetic metals and 
semiconductors, and empirically expressed as ρH = R0 H + RS M (ρH: Hall resistivity; R0: 
normal Hall coefficient; H: magnetic field; RS: anomalous Hall coefficient; M: 
magnetization).1) Microscopic theory of AHE has been of long debate for half a century, and 
is being developed quite recently to explain AHE in various ferromagnetic metals 
quantitatively, in which the Berry phase of Bloch wave function plays a crucial role.2) For 
general consideration of AHE, more comprehensive treatment is needed than the well known 
skew scattering3) and side jump mechanisms.4) The former and the latter are respectively 
known to yield in the relations of ρH ∝ ρxx and ρH ∝ ρxx2, where ρ stands for resistivity. In a 
recent theory for multiband ferromagnetic metals with dilute impurities, the power law 
dependence of the anomalous Hall conductivity σAH on the conductivity σxx was shown to 
have an extrinsic-to-intrinsic crossover with different exponents at a certain value of 
conductivity.5) The extrinsic skew scattering mechanism (σAH ∝  σxx1) appears in the clean 
limit with higher conductivity, whereas the intrinsic contribution becomes dominant with 
lowering the conductivity. In the dirty limit, the intrinsic contribution is subject to the 
damping due to impurities yielding in the relation of σAH ∝  σxx1.6, where the exponent is 
close to that in normal Hall effect of quantum Hall insulator.6) This theory is based on the use 
of Bloch wave function assuming the metallic conduction, hence the result is valid only for 
ferromagnetic metals in principle. Indeed, recent experiments for ferromagnetic metals 
supported the theory in the regime of high conductivity.7)  
(Ti,Co)O2, both in rutile and anatase phases, is a high temperature ferromagnetic 
semiconductor.8-10) Both phases of (Ti,Co)O2 show AHE, where the rutile (Ti,Co)O2 has one 
decade larger anomalous part of ρH than the anatase (Ti,Co)O2.11,12) Previously, we reported 
that the rutile (Ti,Co)O2 show a scaling relation of AHE: the anomalous Hall conductivity 
approximately scales with the conductivity as σAH ∝  σxx1.5-1.7 irrespective of the Co content, 
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the measurement temperature, or the value of conductivity.11) In this rutile (Ti,Co)O2, the 
conductivity could be varied for several decades by the contents of oxygen deficiencies as 
donors [10-2 Ω-1·cm-1 ≤ σxx (300 K) ≤ 102 Ω-1·cm-1], maintaining the hopping conduction as a 
result of freezing out of the charge carriers at low temperature. Recently, we observed that the 
anatase (Ti,Co)O2, with the much higher mobility than the rutile (Ti,Co)O2, merges into the 
same scaling relation in spite of the metallic conduction [σxx (300 K) ≥ 102 Ω-1·cm-1],12 
implying the universal feature of the scaling relation. In this study, we perform a 
comprehensive survey of the existing data for ferromagnetic oxide semiconductors (Ti,Co)O2, 
Mn-doped III-V semiconductors such as (Ga,Mn)As, correlated electron ferromagnetic oxides 
such as (La,Sr)MnO3, transition metal silicides such as (Fe,Co)Si, and metals such as Fe and 
Co. Some of them show metallic conduction and the others show hopping conduction. 
Surprisingly, the scaling relation is confirmed to be present for many of these compounds 
irrespective of the metallic or hopping conduction.  
Various ferromagnetic semiconductors and metals are listed in Table I available in 
literatures.7,11-29) The measurement temperatures of σAH and σxx and the Curie temperatures 
(TC) are also shown. The measurement temperatures were sometimes higher than TC since the 
nonlinear dependence of Hall resistivity in the magnetic field was observed above TC.30) 
Whether metallic or hopping conduction for each compound is determined by the dependence 
of resistivity on temperature.  
Figure 1 shows |σAH| vs σxx relationship for each compound listed in Table I. For 
(Ti,Co)O2, the anomalous Hall conductivity was approximately deduced to be ρH/ρxx2 since 
ρH « ρxx, where the contribution of the normal Hall part was excluded.11,12) For the other 
compounds, the conductivity and the anomalous Hall conductivity were respectively deduced 
as ρxx/(ρxx2 + ρH2) and ρH/(ρxx2 + ρH2) if underived in the original literatures, where ρH was 
evaluated as linearly extrapolated value to zero magnetic field from the saturated value in 
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high magnetic field. For discussion of ferromagnetic metals with high conductivity such as Fe, 
see ref. 8. Here, let us discuss on the ferromagnetic metals and semiconductors with relatively 
low conductivity σxx ≤ 104 Ω-1·cm-1.  
The relationship for the rutile and anatase (Ti,Co)O2 after different research groups 
follows a scaling line σAH ∝  σxx1.6 for five decades of the conductivity.11-14,31) The scaling 
relation agrees with the theory for the regime of low conductivity (ref. 5), although the 
conductivity of (Ti,Co)O2 extends to much lower values.  
For Mn-doped III-V semiconductors such as (Ga,Mn)As, the relationship shows the 
similar behavior. (Ga,Mn)As, (In,Mn)As, (Ga,Mn)Sb, and (In,Mn)Sb follow another scaling 
line σAH ∝  σxx1.6 over five decades of the conductivity,15-22) irrespective of the Mn contents 
and the measurement temperatures. In these compounds, Mn serves as dopant of both holes 
and spins, hence the conduction state can be varied from metallic to hopping conduction. As 
can be seen in Fig. 1, the scaling relation is independent of the metallic and hopping 
conduction. It is noted that |σAH| for Mn-doped III-V semiconductors is about three decades 
larger than that for (Ti,Co)O2.  
For the higher regime of the conductivity, various correlated electron ferromagnetic 
oxides locate. (La,A)MnO3 is usually ferromagnetic metal with double exchange mechanism, 
where alkaline earth element A serves as hole dopants, and the contents of A also affect the 
magnetic phases. For (La,A)MnO3, the scaling relation is nearly extrapolated from 
(Ti,Co)O2.23,24) In (La,Sr)CoO3, the conduction state depends on the Sr contents: varying from 
hopping to metallic conduction with increasing Sr contents.25) The scaling relation is also 
unchanged for the metallic or hopping conduction, as observed for (Ti,Co)O2 and Mn-doped 
III-V semiconductors. Higher conducting oxides with σxx ~103-4 Ω-1·cm-1 such as SrRuO3, 
(Sr,Ca)RuO3, Sr2FeMoO6, and Nd2Mo2O7 approximately show the similar behavior of the 
scaling relation.7,26-28) Transition metal silicides (Fe,Co)Si and (Fe,Mn)Si also locate around 
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the above transition metal oxides.29)  
Theoretically, the magnitude of anomalous Hall conductivity is explained to be 
determined by the degree of resonance caused by the location of Fermi level around an 
anticrossing of band dispersion.5) Considering that the band structure might take the principal 
role, it is noted that several compounds show the similar scaling relation with the similar 
magnitude of the anomalous Hall conductivity irrespective of the different crystal structures, 
the dense or dilute magnetic ion systems, and the metallic or hopping conduction. This theory 
assumes the metallic conduction, however, the scaling relation is evidenced for the regime of 
hopping conduction as demonstrated experimentally in Fig.1.  
In summary, a scaling relation of the anomalous Hall effect recently found for (Ti,Co)O2, 
σAH ∝ σxx1.6, seems to be universal over five decades of the conductivity (σxx ≤ 104 Ω-1·cm-1) 
in various ferromagnetic semiconductors and metals, irrespective of the metallic or hopping 
conduction implying the universal feature of the scaling relation. 
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Figure captions 
 
Fig. 1. Relationship between the magnitude of anomalous Hall conductivity (σAH) and the 
conductivity (σxx) for various ferromagnetic semiconductors and metals in Table I. Open and 
solid symbols denote metallic and hopping conductions defined in Table I, respectively. 
Dotted lines represent σAH ∝  σxx1.6 lines.  
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Table I. List of ferromagnetic semiconductors and metals. The measured temperature (T), the 
Curie temperature (TC), and the conduction states are shown. a- and r- TiO2 denote anatase 
and rutile TiO2. Missing values are not described in original literatures.  
Compounds T (K) TC (K) Conduction states References
r-Ti1-xCoxO2 100-300 > 400 hopping 11 
r-Ti0.98Co0.02O2 200-300 > 400 hopping 13 
a-Ti0.95Co0.05O2 10-350 > 400 metallic 12 
a-Ti0.92Co0.05Nb0.03O2 200 > 400 metallic 14 
Ga0.947Mn0.053As 2-150 110 metallic 15 
Ga0.94Mn0.06As 0.4 132 metallic 16 
Ga0.915Mn0.085As 10-60 0-30 hopping 17 
Ga1-xMnxAs 10-160 120-145 metallic 18 
In0.987Mn0.013As 3.5 7.5 hopping 19 
In1-xMnxAs 4.2 35 metallic 20 
Ga0.977Mn0.023Sb 1.5-30 25 metallic 21 
In0.98Mn0.02Sb 1.5-12 7 metallic 22 
La0.7Ca0.3MnO3 10-300 216 metallic 23 
La0.7Ca0.3MnO3 250-320 265 metallic 24 
La0.67(Ca,Pb)0.33MnO3 100-350 285 metallic 23 
La0.7Sr0.3MnO3 10-400 362 metallic 23 
La1-xSrxCoO3 40-300 120-230 hopping, metallic 25 
SrRuO3 single crystal - 160 metallic 7 
Sr1-xCaxRuO3 2-160 70-150 metallic 26 
Sr2FeMoO6 5 420 metallic 27 
Nd2Mo2O7 2-100 89 metallic 28 
Fe1-xMnxSi 5 0-30 metallic 29 
Fe1-xCoxSi 5 10-47 metallic 29 
Fe single crystal - - metallic 7 
Fe film - - metallic 7 
Co film - - metallic 7 
Ni film - - metallic 7 
Gd film - - metallic 7 
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